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Abstract. Wavefront sensing involves estimating the phase and inten-
sity of light, enabling a wide range of imaging applications, from adaptive
optics and astronomy to biomedical imaging. Since conventional image
sensors can only measure the spatial intensity distribution, phase re-
trieval arises as the central problem in wavefront sensing. Conventional
interferometric approaches like phase-shifting interferometry (PSI) can
recover phase information, but they rely on a stable reference beam that
is difficult to realize in practical settings. To overcome this limitation, we
propose a novel self-reference framework that relies on interference be-
tween shifted copies of the incoming wave; this results in pairwise phase
differences between shifted pixels. We formulate an analytical solution
for the complete phase retrieval based on the propagation of these differ-
ences across a connected graph. Furthermore, we provide a theoretical
analysis of optimal measurement patterns, proving that co-prime shifts
guarantee a connected graph and bound worst-case error accumulation,
yielding a provably robust method. Extensive simulations demonstrate
that complete phase profiles can be recovered from as few as eight shifted
measurements, outperforming several existing approaches. Finally, we
validate our framework using a hardware prototype, demonstrating real
experiments for optical phase profile recovery, auto-refocusing, and imag-
ing through scattering media.

1 Introduction

Light is an electromagnetic wave. While image sensors measure the spatial distri-
bution of the intensity of this wave, a full description of the wave also involves its
phase that is not directly measurable [8,27]. Phase and intensity provide a com-
plete description of the wave and enable capabilities including optical aberration
correction [7, 28], quantitative phase imaging [32], imaging through scattering
media [62], and digital holography [54].
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Fig. 1: Overview of the proposed wavefront sensing via self-reference inter-
ferometry. (a) Interference of the incoming wavefront with its spatially shifted copy
(i.e. self reference) provides pairwise phase differences among shifted pixels. (b) Phase
differences measured at multiple shifts are propagated using our proposed graph-based
algorithm to recover the global phase profile. (c) The recovered phase enables applica-
tions such as target refocusing and imaging through a diffuser.

Phase retrieval from intensity-only measurements is a challenging and highly
non-convex problem. The general phase retrieval problem can be defined as re-
covering a complex-valued signal x from its intensity measurements:

y = jA(x) + rj2; (1)

where A(�) represents the imaging operator and r denotes a known or unknown
reference. Structured Fourier transforms are the most common imaging opera-
tors in real-world optical systems [27] but geometric transforms and modulations
are also feasible [10,69]. In general, solving the phase retrieval problem requires
nonlinear optimization, typically performed iteratively. Several classical [22,24],
model-based [11,12], and deep learning-based [23,34,43] methods have been pro-
posed for phase retrieval. In this work, we seek to develop an analytical,
non-iterative, and robust solution for phase retrieval. Our method is
non-iterative in the sense that the phase is recovered in a single phase propa-
gation pass over image pixels rather than by repeatedly applying the forward
and adjoint of the imaging operator A(�) until convergence, as required by the
optimization-based methods above. The phase propagation pass depends on con-
nected pixels, which depends on the imaging operator design.

The choice of imaging operator or reference in Eq. (1) can simplify the phase
retrieval problem. For instance, phase-shifting interferometry (PSI) [19, 30, 40]
records interference of the unknown wave x with a known (phase-shifted) refer-
ence wave r. The resulting phase retrieval solution can be written in an analytical
form [3, 13, 42, 45]. PSI systems require a stable reference wave and protection
against environmental perturbations, which makes the PSI setups bulky and dif-
ficult to realize in many real-world scenarios [20, 41, 67]. Self-reference PSI [49]
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and common-path interferometry [60] mitigate these limitations by avoiding ex-
ternal reference waves and reducing environmental sensitivity. Our measurement
design closely follows these strategies.

In this work, we present a simple, analytical, and provably robust method
for self-reference PSI. Figure 1 illustrates our approach, where spatially shifted
copies of the incoming wave interfere with each other, from which we extract
pairwise phase differences that are integrated via a graph-based algorithm to
recover the complete phase profile. We summarize our contributions as follows.

– Self-referenced sensing model. We introduce a self-referenced interfero-
metric framework that uses spatially shifted copies of the incoming wave to
extract pairwise phase differences between shifted pixels. The sensing model
is physically realistic and enables a simple phase retrieval solution.

– Robust and analytical phase retrieval algorithm. We propose a sim-
ple, analytical, and robust solution that propagates pairwise phase differences
across the measurement graph to recover the full phase profile. The method
can be efficiently implemented using parallel propagation of multiple paths.
A final refinement using least-squares offers improved recovery under noise,
recovering complete phase profiles from as few as eight shifted measurements.

– Optimal measurement design with provable guarantees. The analyt-
ical solution for phase retrieval relies on the propagation of pairwise phase
differences across a connected graph. We prove that co-prime shifts guar-
antee graph connectivity, and that the optimal co-prime pair minimizes the
maximum hop length, which bounds worst-case error accumulation in our
propagation algorithm.

– Experimental validation and hardware prototype. We validate the pro-
posed framework through extensive simulations and a hardware prototype,
demonstrating optical phase profile recovery, auto-refocusing, and imaging
through scattering media.

2 Related Work

Wavefront sensing enables a broad range of applications, including adaptive op-
tics [58] for astronomy [5, 16, 18, 51], optical metrology [68, 72], and biomedical
imaging [6, 35, 46]. Existing methods broadly fall into interferometric and non-
interferometric approaches.

2.1 Interferometry-based wavefront sensing

Phase-shifting interferometry. Interferometric methods recover the phase of
an optical field by superimposing it with a reference beam or with a modified
copy of itself and measuring the intensity patterns [9,15,29]. A widely used tech-
nique is phase-shifting interferometry (PSI) [19,30], where known phase shifts are
introduced between a coherent reference beam and the unknown wavefront, and
the resulting interference patterns are used to recover the phase. A key limitation
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of PSI is that controlled phase shifting requires interferometric stability during
acquisition, making it sensitive to vibration and turbulence [41]. Dynamic inter-
ferometry mitigates this issue by redesigning the acquisition process to reduce
motion-induced phase errors [67]. Our method instead uses interference between
shifted copies of the unknown wavefront to recover pairwise phase di�erences.
Common-path interferometry. To mitigate the sensitivity of PSI-based meth-
ods, common-path interferometry [25,60] ensures that the reference and unknown
wavefronts share nearly identical optical paths, causing environmental perturba-
tions to cancel as common-mode noise. The point di�raction interferometer [57]
is an example of common-path interferometry in which a small pinhole spatially
�lters a portion of the unknown beam to generate a reference wave. Extensions
of this idea include the phase-shifting point di�raction interferometer [42], using
carefully-separated or learned references [33], and more recent reference-wave
design approaches such as ReWave [13].
Lateral shearing interferometry. Another important class of common-path
interferometric techniques is lateral shearing interferometry (LSI) [55,61], where
the wavefront interferes with a laterally shifted copy of itself to encode phase
di�erences between shifted points. Our measurement model is closely related, but
we co-design the measurements and recovery by selecting co-prime shifts that
connect every pixel to a reference through few propagation hops. This leads to
an analytical propagation solution with reduced worst-case error accumulation.

2.2 Non-interferometric wavefront sensing

Slope-based wavefront sensors. A common class of non-interferometric wave-
front sensors recover phase by measuring local wavefront slopes. Representative
methods include the Shack�Hartmann sensor [47] and the pyramid wavefront
sensor [48,63]. Such methods are limited by resolution and noise sensitivity [58].
Computational phase retrieval. Phase retrieval methods reconstruct the
wavefront from intensity measurements at one or more planes, which is a chal-
lenging, highly nonlinear and nonconvex problem. Classical iterative methods
such as Gerchberg-Saxton [24] alternate between spatial and Fourier domains,
while later work spans coded di�raction patterns [10], convex relaxations such
as PhaseLift [12], and nonconvex methods such as Wirtinger Flow [11] and alter-
nating minimization [44]. Related techniques introduce measurement diversity,
including ptychography and Fourier ptychography [52, 71] as well as di�raction
tomography [65], but typically require scanning, multiple measurements, and
iterative reconstruction.
Programmable optical modulation. Programmable optical modulation has
been used to improve non-interferometric wavefront sensing [37, 69]. Several
works use spatial light modulators (SLMs) to encode the incoming �eld with
sequential phase patterns and recover the complex wavefronts from intensity-only
measurements [21,39]. WISH [66] uses random phase modulation and alternating-
projection phase retrieval [22] to reconstruct the �eld.
Deep learning-based phase retrieval. Supervised deep networks can be
trained to predict phase from intensity [50,64], while model-based approaches use
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learned denoisers within iterative schemes, including prDeep [43] with RED [53]
and plug-and-play methods [34,36]. Untrained priors, such as Deep Image Prior
(DIP) and Double-DIP, exploit convolutional architectures without external
training [23,59]. Generative models and di�usion priors further regularize phase
retrieval by enforcing consistency with intensity measurements [14,38,56], typi-
cally applying the prior to real-valued images.

3 Self Interference and Phase Propagation

Notations. We denote a complex wavefront as x = jxje j� = jxj � p, where
� is the phase map and p = e j� is the corresponding phasor map. Boldface
denotes a full 2D array, and x(i), p(i), �(i) denote its value at pixel i. For a
shift � k , we de�ne an operator S� k (�) that shifts an array by � k pixels, so that
S� k (x)(i) = x(i + � k ). We use pk to denote the phase-di�erence phasor map
for shift � k , where every ith entry encodes the phase di�erence between pixel
i and i + � k : pk (i) = e j(�(i+� k )��(i)) : pk (i) = e j(�(i+� k )��(i)) : We use \p to
represent the elementwise principal angle in (��; �].

3.1 Self interference and phase recovery

Suppose we represent the unknown complex-valued wave at some given plane as
a 2D array x = jxje j� � jxj �p, where � denotes the phase, p = e j� denotes the
phase component or unit phasor, and � represents element-wise multiplication.
Self-reference interferometry treats parts of the incident wave x as a refer-
ence (e.g., point di�raction interferometry [2,42,57]). We can use a single bright
point in x as a reference (e.g., x(0)) and capture measurements with multiple
phase shifts, ' q 2 f0; �=2; �; 3�=2g, as

yq = jx + x(0)e j' q j2: (2)

Since we can only recover the phase of x up to a global ambiguity, we select
the phase of x(0) as a reference and set to zero (i.e. x(0) = jx(0)j, which is
recovered directly from yq(0)). We can then recover the complete wave x as

yq = jxj 2 + jx(0)j 2 + 2Re(xjx(0)je �j' q ) ) x = 1
4jx(0)j

X

q

yqej' q : (3)

A single point-based interference provides a closed-form solution for phase re-
trieval, but su�ers from low signal-to-noise ratio. This is because the reference
is typically created by passing the wave through a pinhole, which makes it very
dim. The accuracy of phase-shifting interferometry improves with the brightness
of the reference wave [4]. Recent methods such as ReWave [13] overcome this
limitation by adaptively creating bright reference waves. In this paper, we seek
to �nd similar simple solutions for di�erent self-interferometric measurements.
Geometric transforms for self reference. Suppose we perform phase shifting
interferometry by choosing a reference wave that is a translated copy of the
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incident wave x. We can represent such shifted interferometric measurements as

yk;q = jx + e j' q S� k (x)j 2 + � k;q (4)

� jxj 2 + jS � k (x)j 2 + 2Re
�

jxj � jS � k (x � )jej(��S � k (�)�' q )
�

+ � k;q ;

where � k encodes the 2D shift vector, S� k (�) represents an operator that shifts
input by � k pixels, ' q = �

2 q represents the quadrature phases with q 2 f0; 1; 2; 3g,
and � k;q represents the measurement noise. We can potentially capture such PSI
measurements for K such translations so that k 2 f1; : : : ; Kg. While the system
in Eq. (4) does not provide a closed-form solution like the one in Eq. (3), we can
recover the wave using a simple (graph propagation-based) solution.

Phase di�erence propagation. Our key observation is that we can compute
the pairwise phase di�erences from the measurements in Eq. (4), which can then
be combined to recover the complete phase pro�le. In particular, we estimate
the following phasors from the noisy quadrature measurements:

X

q

yk;q e�j' q � 4jxj � jS � k (x)je j(S � k (�)��)

) p k =
P

q y k;q e�j' q

j
P

q y k;q e�j' q j
� e j(S � k (�)��) ;

(5)

where the approximations arise from measurement noise. In other words, we can
estimate unit phasors pk that encode phase di�erences between all pixels shifted
by � k . We can assume one pixel as a reference with zero phase (e.g., �(0) =
0; p(0) = 1), and compute the relative phase at any other pixel that is connected
to the reference pixel by propagating the phasors in Eq. (5) to the reference.
For robust and complete phase recovery, we need measurements that
yield a graph with every pixel connected to the reference pixel with
minimal path length.

Connection to phase unwrapping. Our formulation is loosely connected to
phase unwrapping [26,31], which removes 2� ambiguities from a known wrapped
phase map. These methods assume that the wrapped phase is available, whereas
our method recovers the phase directly from intensity measurements. A con-
nection nonetheless arises, as the estimated pairwise phase di�erences would be
wrapped, and our graph propagation in the phasor form integrates the phase
di�erences along a connected path while resolving the phase ambiguities.

3.2 Single shift and single-path propagation

Let us �rst consider measurements with a single-pixel shift, as illustrated in
Fig. 2(a) for a single row. Suppose we record y1;q with � 1 = (1; 0) as a single-
pixel horizontal shift. We can calculate the phasors for the phase di�erences
between adjacent pixels using Eq. (5) as p1. We can then start with the reference
pixel phase (p(0) = 1) and estimate phasors for all the connected pixels asbp(1) =
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Fig. 2: Comparison of phasor propagations by single- and two-shift measurements for
N = 9. Note that p(i) = e j�(i) denotes the unit phasor of original phase at node i,
whereas pk (i) denotes the unit phasor that encodes phase di�erence between node i
and i + � k . (a) A single shift (� 1 = 1) forms a path graph with linearly increasing
hop distance from the reference. (b) Two shifts (� 2 = 2, � 3 = 3) introduce long-range
connections that reduce the maximum hop count and shorten propagation paths.

p1(0), bp(2) = bp(1)p 1(1), and bp(i + 1) = bp(i)p 1(i) for any i. In other words, we
can propagate the phasors to all the connected pixels asbp(i + � 1) = bp(i)p 1(i).

A single pixel shift in the horizontal and vertical directions would provide a
connected graph for a 2D array. In principle, we can propagate the phasors for
phase di�erences and estimate the complete phase pro�le. In practice, the phase
di�erences will be estimated from noisy measurements, which will lead to noisy
estimates. The single-pixel shift-based measurements under noisy conditions are
prone to error accumulation (as shown in Fig. 3). Let us assume that each phase
di�erence estimation incurs an independent error � with zero mean and variance
� 2. In the case of single-pixel shifts, the error accumulation at any pixel will be
proportional to its distance from the reference pixel.

3.3 Two shifts and multi-path propagation

Multiple shifts can provide multiple propagation paths and reduce e�ective path
lengths and error accumulation in the phasor propagation. Let us consider two
distinct shifts � s; � t and the corresponding (estimated) phase-di�erence phasors
ps; pt . For instance, in Fig. 2(b), we choose � s = 2; � t = 3 and compute p2; p3.
Assuming p(0) = 1, we can estimate the phasors at node 2,3 that are directly
connected to 0 asbp(2) = p 2(0); bp(3) = p 3(0). We can then propagate these
phasors to estimatebp(4) = bp(2)p 2(2); bp(5) = bp(2)p 3(2); bp(1) = bp(3)p �

2(1): Note
that to estimate phasor at node 1, we use the estimate at node 3 and then the
phasor of di�erence from 3 to 1. The maximum path length (or hop distance)
reduces to 2, which is a signi�cant improvement over the maximum path length
of 4 in the single-shift case.

We can reduce the path length of phasor propagation by carefully selecting
the shifts � s and � t as multiple shifts introduce new connections between the
reference pixel and the rest of the graph. These connections allow information
to propagate in larger steps and fewer hops compared to the single-shift case.
The next logical question is how to choose �s and � t to ensure complete and
robust propagation. We discuss this in Sec. 4, where we prove that co-prime
shifts guarantee full connectivity and minimum path length.
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Algorithm 1 Phase Retrieval for Self-Reference Interferometry

Require: Phase-di�erence phasors fp k gK
k=1 , shifts f� k gK

k=1 , reference node i0
1: Initialize phasor estimate bp with reference node bp(i 0) = 1
2: Initialize queue Q  fi 0g
3: Initialize hops h(i)  1 8i 6= i 0 ; set h(i 0)  0 .Track hop length from the reference
4: while Q 6= ; do
5: Pop i  dequeue(Q)
6: for each neighbor i 0 reachable via any shift in f� k g do
7: p0  bp(i) � p k (i) . Apply phasor di�erence
8: if h(i 0) = 1 then . Node has not been visited
9: Set phase: bp(i 0)  p 0

10: Set h(i0)  h(i) + 1 . Increment hop length
11: Enqueue (i0) . Push node to queue
12: else if h(i 0) = h(i) + 1 then . Node was visited with the same hop length
13: bp(i 0)  avg( bp(i 0); p 0) . Average equal hop phasors
14: end if . Discard any phasors with longer hop length
15: end for
16: end while
17: return phase b� = \ bp . Compute phases from phasors

3.4 Multiple shifts and multi-path propagation

The general phase recovery process with K shifts f�k gK
k=1 can be formulated

as the propagation of phase-di�erence phasors fpk gK
k=1 over a graph whose ver-

tices correspond to pixels and whose edges correspond to the estimated phase-
di�erence phasors, as shown in Fig. 2 for 1 or 2 shifts. For complete connectivity,
the shifts must be co-prime (see Sec. 4.1).

A general algorithm for our method is presented in Algorithm 1. The method
takes f� k g, fp k g, and a reference pixel as input. The algorithm maintains a
queue of nodes Q, which operates in a breadth-�rst search manner and provides
starting nodes for phase propagation at each iteration. The queue is initialized
with the reference node. In the �rst iteration, the phasors of the neighbors reach-
able from the reference through each shift are computed asbp(� k ) = p(0) p k (� k )
and added to the queue. The algorithm then iteratively dequeues elements and
propagates phasors from each node to its neighbors. To ensure consistency, a
node is only updated if it has not been visited before. Additionally, to improve
robustness, propagated phasors from multiple paths are averaged when the paths
have the same distance from the reference node.
E�cient parallel implementation. The proposed method shown in Algo-
rithm 1 processes one pixel at a time, which is inherently sequential. For parallel
GPU implementation, we reformulate the propagation as an iterative wavefront
expansion, where at every iteration, all the visited pixels simultaneously propa-
gate their phase estimates to all valid neighbors via vectorized tensor operations.
We present details of the implementation in the supplementary material.
Noise reduction via hop-constrained path averaging. We can reduce the
variance in the phase estimate by averaging multiple non-redundant propagation
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paths that reach the same node/pixel. Since the estimation error accumulates
with path length (see Sec. 3.2), we restrict averaging to paths with equal hop
lengths and discard paths with larger hop lengths (as they potentially repre-
sent larger accumulated noise). This hop-constrained averaging reduces variance
without introducing additional bias. This strategy allows us to introduce an
additional design axis for propagation.
Global least-squares re�nement. We can further re�ne b�, estimated using
multi-shift propagation (Algorithm 1), by jointly �tting it to all the measured
phase di�erences via a global least-squares step. Let rk � = \p k denote the
wrapped phase di�erences estimated in Eq. (4) and D� k = S � k � I denote
the forward-di�erence operator for shift � k . The phase di�erences are obtained
from the estimated phasors pk , which lie on the unit circle, so r k � = \p k 2
(��; �] recovers the true di�erence D � k � only modulo 2�. We �rst estimate the

integer o�sets as mk = round
��

D� k
b� � r k �

�
=2�

�
; and unwrap the phase

di�erence measurements as rk � unwrap = r k � + 2�m k : The re�ned phase can
then be obtained by solving min�

P K
k=1 kD� k � � r k � unwrap k2

2 : Since D� k is
a di�erence operator, it can be viewed as a convolution of � with a �lter d � k ,
which can be diagonalized in the Fourier domain. The least-squares solution thus
has a simple closed-form expression in the Fourier domain:

b� LS = F �

 P
k (F(d � k ) � F(r k � unwrap ))

P
k jF(d � k )j2 + �

!

; (6)

where F is the Fourier transform operator, division and multiplications are
element-wise, and � is a regularizer.

4 Provable and Optimal Sensing with Co-Prime Shifts

A complete and stable phase recovery depends on the graph connectivity and
maximum path length with respect to the reference node. The choice of shifts
f� k g determines the graph connections and these properties. We seek to select
f� k g that guarantee full connectivity such that every pixel is connected to the
reference node through some path and limit the maximum path length that in
turn limits the worst-case hop distance and the associated error accumulation.
In this section, we show that co-prime shifts guarantee full connectivity and
minimum path length.

We model the phase recovery problem as propagation over a graph of pixels,
as illustrated in Fig. 2. For simplicity, let us assume the graph consists of N
pixels/nodes that are indexed as

V =
�

�
�

N
2

�
; : : : ;

�
N
2

�
� 1

	
: (7)

An edge exists between node i and j if we have direct phase di�erence measure-
ments between them as rk �. For a set of shifts S = fs 1; s2; : : : ; sK g, the edge
set is

E(S) =
�

(i; i + s k ) : i; i + s k 2 V; sk 2 S
	

: (8)
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Phase propagation can then be viewed as a traversal along this graph. Start-
ing from a reference node, which is assumed to have known or zero phase, we
integrate along edges to estimate phases at all other nodes. The hop distance
between two nodes is de�ned as the minimum number of edges that must be
traversed to connect them. The diameter of the graph, which is the maximum
hop distance from the reference node to any other node, directly determines the
worst-case accumulation of measurement noise.

4.1 Connectivity guarantees

We now formalize the conditions under which a graph de�ned by two shifts of
size s and t is guaranteed to be fully connected. In Theorem 1, we establish that
if the shifts s and t are co-prime, meaning that their greatest common divisor
satis�es gcd(s; t) = 1, and if s + t � N, then every node in V is reachable from
the reference node 0 via a sequence of hops along edges. This result relies on
two key observations: Lemma 1 shows that by taking repeated steps of size s,
we can generate all residues of mod (s + t), and Lemma 2 shows that there
is a sliding window of locally connected nodes that connects every node to the
reference. The complete proofs of these lemmas and Theorem 1 are provided in
the supplementary material.

Lemma 1 (Co-prime residue coverage). Let k � 1, s 2 Z and gcd(s; k) =
1. Then for any p 2 Z,

f(p + is) mod k : i = 0; 1; : : : ; k � 1 g = f0; 1; : : : ; k � 1g:

Lemma 2 (Sliding window coverage). Let s; t 2 N with s + t � N, and let
V be de�ned as Eq. (7). For any x 2 V , there exists an interval I1 of size s + t
containing x, and a �nite sequence of intervals I1; I 2; : : : ; I K (for some K 2 N)
of size s + t, each contained in V , such that consecutive intervals share at least
one common element and IK contains 0.

Theorem 1 (Connectivity via co-prime shifts). Let s; t 2 N be co-prime
( i.e. gcd(s; t) = 1), the graph V as de�ned in Eq. (7), and edges E (fs; tg) as
de�ned in Eq. (8) using shifts s and t. Then every node in V is reachable from
the reference node through a sequence of hops along edges, provided s + t � N:

4.2 Optimal co-prime shift design

With connectivity established, we now determine shift pairs that minimize the
maximum hop distance. Lemma 3 establishes a universal lower bound on the
maximum hop distance and Theorem 2 shows that co-prime shifts near

p
N=2

achieve this bound.

Lemma 3 (Lower bound on maximum hop distance). Consider the graph
V with N nodes de�ned in Eq. (7) and edges E(fs; tg) as in Eq. (8). Let h? denote
the minimum number of hops required to reach all nodes from a reference node.
Then, for any choice of two shifts, h? �

l
�1+

p
2N�1

2

m
:
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Fig. 3: Cumulative absolute phase error (radians) vs. hop length for N = 512
(left) and hop-length histograms (right). Given a �xed error budget, the optimal co-
prime pair (16; 17) minimizes the maximum hop length. Other shift choices require
larger maximum hops.

Theorem 2 (Optimal shift pair). For a graph with N nodes as in Eq. (7)

and edges de�ned by the consecutive co-prime pair s; t 2 N, s =
j q

N
2

k
and

t =
j q

N
2

k
+1, achieves the minimum possible hop distance h? given in Lemma 3.

4.3 Noise analysis and optimality

We conduct simulations to validate our analysis that reconstruction error in-
creases with hop length and that optimal shifts Theorem 2 minimize error accu-
mulation. We generate noisy phase di�erences Eq. (5) by adding Gaussian noise
to ground-truth phases and recover the phase using Algorithm 1.

As shown in the left panel of Fig. 3 for N = 512, the cumulative phase error
increases monotonically with hop distance, con�rming that longer propagation
paths accumulate more noise. Given a �xed error budget, the optimal shifts s =
b
p

N=2c = 16 and t = s + 1 = 17 minimize the maximum hop distance h ? = 16.
The right panel of Fig. 3 further shows that the hops for our optimal shifts
are tightly concentrated, while other choices produce larger maximum hops. By
bounding the maximum hop distance, our design caps the worst-case per-pixel
error, while the concentrated hop distribution keeps the total accumulated error
low. Additional supporting results are in the supplementary material.

5 Experiments

5.1 Simulation experiments

We evaluate phase recovery from shifted interferometric measurements in a syn-
thetic setting and compare reconstruction accuracy with related baseline meth-
ods. To generate simulated data, we use 100 images from the DIV2K validation
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Table 1: Phase errors (mean � std) at 22 dB SNR. Our method achieves the best or
second-best results across all phase pro�les. (Best bold, second-best underlined).

Quadratic phase Random phase Smooth phase (peaks)

Method
#Meas.

16 32 16 32 16 32

GD-Rand 0.695 � 0.365 0.470 � 0.434 0.138 � 0.148 0.079 � 0.152 0.791 � 0.361 0.570 � 0.404
GD-Spec 0.737 � 0.400 0.400 � 0.432 0.691 � 0.367 0.449 � 0.440 0.686 � 0.397 0.371 � 0.374
WISH 0.852 � 0.299 0.423 � 0.366 0.854 � 0.320 0.453 � 0.377 0.898 � 0.330 0.425 � 0.367
PnP-FISTA 0.669 � 0.341 0.456 � 0.304 0.735 � 0.329 0.425 � 0.264 0.663 � 0.341 0.479 � 0.338
DIP 1.486 � 0.031 1.491 � 0.051 1.495 � 0.037 1.447 � 0.065 1.442 � 0.063 1.423 � 0.081

Ours 0.158 � 0.104 0.099 � 0.083 0.156 � 0.099 0.094 � 0.075 0.155 � 0.096 0.097 � 0.071
Ours with LS 0.183 � 0.082 0.126 � 0.065 0.158 � 0.075 0.121 � 0.055 0.205 � 0.063 0.159 � 0.050

dataset [1] as ground truth intensity patterns. For each image, we synthesize
complex wavefronts by combining the intensity with three types of phase pro-
�les: random, quadratic, and smooth pro�les3. We simulate interferometric mea-
surements using Eq. (4) with Poisson and Gaussian noise at multiple SNRs and
shifts. We used the optimal shifts � 1 = 16 and � 2 = 17 for the 16-measurement
setup (i.e. 2 shifts � 2 directions (H, W) � 4 quadratures), and included � 3 = 23
and � 4 = 31 for the 32-measurement experiments.

We compare against gradient descent�based phase retrieval with random
initialization (GD-Rand) and spectral initialization [44] (GD-Spec), a plug-
and-play recovery method (PnP-FISTA) [36] that uses a pretrained DRUNet
denoiser [70] as a denoiser prior, the wavefront sensing method WISH [66] that
uses Gerchberg�Saxton iterations [22,24], and a Deep Image Prior (DIP)�based
approach [59] using a convolutional decoder architecture from [17] as a phase
prior. Although the original WISH uses random phase modulation, we replace
it with phase ramps to generate shifted measurements in our setup. Additional
details are provided in the supplementary material.

We evaluate phase recovery using the mean absolute phase error after global
phase correction. Given estimated phasorsbp and ground-truth phasors pgt , we
estimate the global phase o�set � from the circular mean of their phase di�er-
ences and measure the residual error as Ephase = 1

N

P N
i=1

�
�
� \

�
bp(i)p �

gt (i)e
�j�

� �
�
� : We

report the mean phase error (� standard deviation) at SNR � 22 dB in Tab. 1,
where our method achieves the lowest error for both quadratic and smooth phase
pro�les. As shown in Fig. 4, with 16 measurements it is the only approach that
reconstructs a phase pro�le consistent with the ground truth. For random phase,
gradient descent with random initialization yields a lower error (see Fig. 4). The
performance gap is small and disappears at higher SNR, as shown in Fig. 5.
Figure 5 further shows that least-squares re�nement (Ours + LS) yields clear
improvements under noisy measurements. Additional results under varying noise
and measurement settings are provided in the supplementary material.
Computation time. We compare runtime per reconstruction across methods
on a single NVIDIA RTX 6000 Ada GPU. Our approach is the fastest at 1:2s,

3 The MATLAB peaks function is used to generate smooth synthetic pro�les.
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