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Abstract—Spatial light modulator (SLM) technology forms the centerpiece of digital holographic displays. However, an inherent
limitation of these devices is that their étendue, defined as the product of the display’s eye box and field of view, is bounded by the
number of pixel units. As a consequence, current SLMs are far from meeting the required field-of-view and eye box for the human
visual system, which would require scaling the number of display units by a few orders of magnitude. Existing strategies for
étendue-expansion rely on introducing a diffractive optical element (DOE), a fixed random phase mask whose pitch is much smaller
than that of the original display, thereby spreading light over a wider angle. Displayed content is then optimized under perceptual
constraints on the generated image. However, since the phase mask is fixed, the number of degrees of freedom does not increase and
hence, the expansion in étendue necessarily comes with a loss of image quality. The trade-offs involved with such phase masks are not
well understood.

This paper studies the space of phase masks that can be attached to an SLM to increase its angular range. It attempts to characterize
what trade-offs are involved in étendue-expansion, and whatever specific phase mask designs would support better holograms.

Our theoretical results show that étendue expansion comes with a commensurate loss of contrast or resolution, depending on the
specifics of the mask that we use. We show that while pseudo random masks support wide-étendue, they involve an inherent loss of
contrast. Perhaps surprisingly, simple commonly-available phase masks like lenslet arrays provide near-optimal results that can largely
outperform random masks.

Index Terms—Spatial light modulation, Holographic displays, Etendue
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1 INTRODUCTION

Holographic displays [1], [2], [3], [4], [5], [6] are one of
the promising approaches for generating three-dimensional
(3D) visual content. A holographic display aims to replicate
the wavefront generated by a real 3D scene; such a success-
ful replication would produce a virtual scene that is indis-
tinguishable from its real counterpart, and will successfully
satisfy the numerous perceptual cues used by the human
visual system for sensing depth.

In holographic near-eye displays we usually want the
display to spread light over a wide field of view (FoV), but
also allow the viewer to shift his pupil over a wide eye
box. This eye box is equivalent to the spatial display area.
Unfortunately these two quantities are tightly coupled with
each other and both cannot be easily achieved using existing
technology.

Digital holographic displays rely on spatial light mod-
ulation (SLM) technology, which are computer controlled
arrays allowing an independent modulation of the phase
in each pixel. Due to constraints imposed by Nyquist
sampling, the maximal angle at which an SLM can bend
light is bounded by its pixel pitch. As a result, controlling
light at large angles requires display units smaller than a
single micron, which is significantly below the pixel pitch
of existing SLM arrays. It is possible to view the display
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using de-magnifying optics, which will reduce the pixel
size. However, this also reduces the overall display area,
contradicting the wide eye box goal. A short calculation
shows that accommodating the human eye with a FoV that
exceeds 120° and eye box that spans a centimeter, requires
a display with 10 billion pixels, which is three orders of
magnitude beyond current technology.

It can be shown that the étendue of the display, defined
as the product of its spatial area and its maximal tilt angle,
is only determined by the number of SLM pixels and is
preserved through any lens system with which the SLM
is combined. The étendue of existing SLMs is extremely
limited.

Since étendue expansion is prohibitively daunting with
the straightforward strategy of increasing pixel counts, re-
cent works in this space have explored incorporating other
optical elements into the display with the goal of break-
ing the aforementioned tradeoffs. In particular, it has been
shown that introducing a diffractive optical element (DOE)
or a phase mask in front of the SLM can have the effect of
expanding its étendue [7], [8], [9], [10], [11]. Critically, the
pitch of this phase mask is designed to be much smaller
than the native SLM pitch; in turn, this allows the display
to spread light over a much wider angular range, thereby
increasing the FoV of the display with no change in its size
or its eye box, thus increasing its étendue. However, a fixed
phase mask does not provide any increase in the number of
degrees of freedom in the display; hence, the expansion of
the étendue must result in a loss of resolution or some other
attribute of the displayed hologram. This characterization is
hard for current designs in part due to the randomness of



the phase mask used.

This paper studies the space of étendue-expansion de-
signs that are enabled by the addition of a diffractive phase
mask. It attempts to answer the following two questions.
First, what price do we pay for étendue expansion, and
how can we characterize the space of holograms that can
be created by combining a low resolution programmable
SLM with a fixed higher resolution phase mask? The second
question we address is the design of good phase masks.
Assuming we are free to design and fabricate a DOE of our
choice, what phase masks can create holograms of optimal
quality?

Our analysis results in the following findings.

First, we provide a precise understanding on the loss
of image quality that comes as a consequence of étendue
expansion. Specifically, we show that étendue expansion by
a certain amount results in a commensurate loss of contrast
or resolution—a result that is consistent with the idea that
the number of degrees of freedom in the device does not
increase by the addition of a fixed phase mask.

Second, we show that random phase masks usually
result in an inherent loss of visual quality, which is directly
linked to their wide Fourier transform. This loss scales
linearly with the expansion factor. Usually trading étendue
for resolution results in fewer artifacts than trading it for
contrast.

Third, we argue that the choice of optimal phase mask
depends on the quality metric being measured. Previous
works on étendue-expansion [7], [8] have measured the abil-
ity of the display to create 2D image targets of interest. We
show that under this metric the ideal solution is attaching to
the display a quadratic phase mask, or equivalently illumi-
nating it with a spherical wave. This result is problematic, as
it is well known that a quadratic phase mask cannot expand
étendue, suggesting that metrics based on 2D targets are
inadequate in capturing what we actually want from a wide-
étendue display. Rather, we argue that the definition of good
masks must involve metrics that take into account the 3D
characteristics of the hologram. We adopt previous metrics
such as a light field or a focal stack and use them to evaluate
candidate phase masks.

Our fourth contribution is in showing that perhaps sur-
prisingly, near optimal results can be obtained with a very
simple phase mask equivalent to a lenslet array. Unlike the
conventional usage of lenslet arrays in light-field displays,
the lenslet array we suggest is placed in the Fourier domain,
thus involving a significantly smaller number of lenslet
units.

We hope the conclusions from this analysis will guide
the design of future étendue expansion devices.

2 RELATED WORK

2.1 Holographic displays

Holography is one of the promising approaches for the
design of near-eye displays for both virtual and augmented
reality [12]. In a near-eye display, the SLM is placed close
to the viewer’s eye, and instead of displaying an intensity
image, it displays a wavefront representing the propagation
of a desired 3D scene to this plane [1], [13], [14], [15], [16],
[17], [18], [19], [20], [21]. In theory the presented wavefront

generate different images based on different positions and
focus conditions of the viewer’s eye.

A central challenge in holographic display design is con-
tent generation. While early work used 2D image objectives,
recent ones [13], [14], [15] have looked at generating real
holographic content by explicitly incorporating 3D focal
stack content into the optimization. In this paper, we further
emphasize that incorporating 3D content in the design stage
is crucial.

2.2 Overcoming étendue limits

There has been several approaches for overcoming the lim-
ited étendue of holographic displays.

One approach tries to track the viewer’s pupil and steer
the hologram towards it [22], [23]. These approaches require
an additional camera to track the viewer’s gaze. Pupil track-
ing and steering light is not limited to holographic displays
but also used in varifocal near-eye displays for dynamically
foveated displays [24].

A different technique for étendue expansion tries to cre-
ate multiple copies of the eye box allowing the hologram to
be viewed from multiple eye positions. In [25] a holographic
optical element (HOE) is placed in front of the eye that
has the structure of a periodic lens array. Alternatively,
multiple copies of the eye box are generated by utilizing
higher diffraction orders of the SLM [26], [27]. However,
such copies replicate the same hologram over a wider range,
and do not allow the display of viewpoint dependent effects.

An alternative approach is to expand the étendue by
attaching a static random mask, whose resolution is higher
than the SLM. Different types of masks were proposed for
étendue expansion: [10] suggested using a fully random
phase mask and utilizing algorithms for focusing through
scattering media, [9] used binary phase masks and [11]
relied on a designed photon-sieve (pinhole mask). These
works showed the potential of enlarging étendue by at-
taching a phase mask; however, they were only able to
generate sparse images. Recently [7] was able to generate
high quality étendue expanded images by utilizing an opti-
mization framework and relying on the limited resolution of
the human visual system. A follow up work [8] suggested a
method for optimizing the shape of the phase mask, increas-
ing the quality of the generated holograms. However, such
a learning based approach can converge to local minima
and its output is hard to analyze. In contrast, we design our
mask using simple physical principles leading to explicit
analytic results.

An orthogonal route for Etendue expansion is time mul-
tiplexing [28], [29]. In particular, Lee ef al. [30] used a fast
binary DMD combined with 6 laser sources illuminating
it in different angles. As each source is tilted differently
the hologram it creates fills a different sub-cone out of the
desired FoV. However, due to the limited binary modulation
of this display, multiple SLM patterns need to be multi-
plexed to create a single sub-cone, and hence the amount of
temporal multiplexing that can be used to expand étendue is
limited. A short calculation shows that given the temporal
resolution of the human eye, the maximal étendue that a
fast DMD can support by exploiting temporal multiplexing,
is still lower than the étendue of slower liquid crystal based



SLMs, which simply contain 4K pixels. A similar calculation
shows that the recent fast mirror based phase SLM of TI [31]
is still not fast enough to provide a significant étendue
expansion.

3 BACKGROUND AND PROBLEM FORMULATION

In this section, we define étendue and introduce the basic
expansion strategies.

Notation. We denote a 2D spatial position using & =
(z,y), and the first two coordinates of a direction (unit
norm 3D) vector using 0. Throughout this paper we target
small angles, where the paraxial approximation implies
sin(f) ~ 0, cos() ~ 1.

3.1 SLM modulation and its limitations

We start with an overview of the spatial and angular limits
of SLMs, following [21]. We model SLMs as arrays of pixels,
whose phase can be independently controlled, resulting in a
piecewise-constant phase mask ¢.(|Z]), with |Z] denoting
the rounding of & to the nearest cell center. Assuming a
pixel pitch of A,, a display with of ' x N pixels has a
range & € [— 3, 3] x [—3,, $Q,] with:

Q= AN (1)

When viewed from direction 6 the display output can
be computed as the Fourier transform of its modulation
function

Uout(6) = / e XTOE By, (F)d. )

The term u;,, is the incident illumination, which we assume
to be spatially uniform and, hence, a constant that can be
dropped.

From Eq. (2) we see that to send light toward direc-
tion 6 we need to display on the SLM a sinusoid of the
form ¢.(Z) = 27”5 . In a SLM we can only display a
piecewise constant approximation to this sinusoid. We can
sample this sinusoid without aliasing only if its periodicity
is wide enough to span at least two SLM pixels. Thus,
Nyquist dictates that realizable tilts are limited to the range
6 € [~ 190, 100] x [0y, 1Qy] with

Q= —. 3)

The maximal tilt angle is inversely limited by the SLM
pitch. For example, the smallest pixel pitch among current
commercially-available SLM is 3.74pm, which limits 6 to
about 4°, in visible wavelengths. This limited angular range
is one of the largest barriers to the practical utility of digital
holographic displays.

The étendue of the display marked as € below, is defined
as the product of its spatial and angular ranges. Putting
together Eqs. (1) and (3), we observe that this quantity is
a constant that depends only on the wavelength of light and
the number of pixels on the SLM:

E2=02.02=(WN)% (4)

Fig. 1(a) illustrates the SLM used in a simplified near-eye
geometry. The SLM is placed at the focal plane of a lens with

focal length f;, generating a virtual image at distance f;
after this lens. In the presence of fully coherent illumination
this image corresponds to the Fourier transform of the
wavefront displayed on the SLM:

|7 (@) ‘2 . 5)

A second eye-piece lens of focal length f> is used to project
this image to optical infinity before it enters the eye. The
eye-piece lens and the lens of the eye itself form a relay
system allowing the eye to see the virtual image on the
Fourier plane marked in (Fig. 1(a)). The FoV of the display
corresponds to the maximal angle it can send to the eye.
When viewed via the optics of Fig. 1(a) this angle is scaled
to %Qg. The eye-box is defined as the area of content before
the eye, over which the viewer can shift his eye. If the
original SLM area is 1, it is scaled through the relay system
to Q. Thus the product of the FoV and the eye-box equals
the étendue as defined in Eq. (4). This quantity is invariant
to the choice of f1 and f>. If we wish to increase either FoV
or eye-box, we unavoidably decrease the other.

As mentioned earlier, a good near-eye display should
accommodate a FoV of 120° and an eye box of lcm. This
however, would require a pixel count three orders of mag-
nitude higher than current technology. Such a large number
of pixel units would result in angular resolution which is
way above what the human retina can resolve. Yet, there is
no simple way to trade resolution and étendue.

3.2 Etendue expansion with random phase masks

An approach to expand the étendue of the SLM, and thereby
circumvent the limitations of Eq. (4), is to attach to the
SLM a DOE realizing a random phase mask with a higher
resolution [7], [8], [9], [10], [11]. Assuming the SLM and the
mask are co-planar, we get a phase modulation of the form

where ¢. is the programmable piecewise constant SLM
phase and ¢, is a fixed phase mask. Let us denote the pitch
of ¢y, by A, and assume A7" < A, then the combined
phase ¢ can send light over an extended angular range

~ A
Qe:?;”"

For the same display area this increases the étendue by a
factor gg X qg with

@)

E QA

€= e~ 0, Am

Introducing a random phase mask complicates the re-
lationship between the generated hologram and the phase
pattern displayed on the SLM. To display a target intensity
image I on the Fourier plane, we can optimize for the SLM
pattern ¢, by minimizing the difference between the Fourier
transform of the modulation function and the target image:

®)

2

)

g |F (@@ ‘2 . [‘

argmin
(;bC

where * denotes convolution, and g is a low-pass filter. One
motivation for including g is that the display resolution
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Fig. 1: Demonstration of étendue: (a) Near-eye holography setup where the FoV is the maximum diffraction angle of the SLM and
the eyebox is determined by the size of the SLM. These properties can be traded by the ratio of focal lengths f2/f1. The purple
line indicates the angular range of the SLM in the Fourier plane. (b) Illuminating the system with a tilted wavefront of angle €2
shifts the virtual image on the Fourier plane; however, it does not affect the étendue. (c) llluminating the system with a piecewise
linear wavefront mixing multiple tilt directions results in a larger FoV with the same eyebox size. In the illustration green and
blue mark different slopes. (d) Dividing the SLM to two and illuminating each part with a tilted wavefront results in a larger FoV;
however, each part of the image resides at only half of the eyebox.

is often higher than the angular resolution the human eye
can resolve. Below we show that this low-pass filter has a
fundamental role in the hologram design and analysis.

Usually we cannot find phase masks ¢. minimizing
Eq. (9) with zero error. To see this we start with a simple
count of the number of degrees of freedom. By the Nyquist
principle, a normal piecewise constant display of pitch A,
and range {2, can produce a Fourier transform of range {2
given by Eq. (3) and pitch

Ay = Q.
By plugging Eq. (1) it is easy to see that the ratio between
angular range and angular resolution is equivalent to the
number of display pixels Qg/Ag = N.

With a random phase mask added to the display the
angular resolution should follow Eq. (10), as the spatial
range of the display did not change. The angular range was
extended to {2¢. Thus the ratio between range and resolution
has now increased to Qy/Ay = ge N, and target images can
contain (ge\N)? entries. However, the programmable phase
mask ¢, in Eq. (9) has only A'? degrees of freedom rather
than (ge\')2. Hence, we do not expect to be able to generate
arbitrary signals /I with a resolution Ay and range €. In
Sec. 4 we try to understand what family of signals we can
generate and what do we trade for extending étendue.

(10)

3.3 Piecewise-linear phase modulation

To analyze phase modulations, in this paper we consider
the family of piecewise-linear modulations. We express our
phase masks as

(&) = s(|Z]) - %,

where §(|Z]) is a 2D vector § = (sg,s,) denoting the
horizontal and vertical slope of pixel | &|. The overall phase
mask we can express ¢(z) = ¢.(z) + ¢, (2), is a combina-
tion of piecewise constant and piecewise linear components.

This family encompasses a wide range of phase modula-
tions including those with random tilts at each SLM pixel, as
well as others that are simpler to realize and produce higher
quality results.

(11)

Symbol Meaning

(@) Piecewise constant phase.

Om (&) Fixed mask phase.

N Number of pixel in one axis of the SLM.

Ay SLM pitch.

Q. SLM range width.

Ag Angular pitch.

Qo Angular range of original SLM.

39 Low resolution angular pitch in
expanded display.

Qo Expanded angular range.

Nep Number of light field eye-box views.

AY = N, - Ay | Angular light field pitch.

qe Etendue expansion factor.

TABLE 1: Notations

Tilting the phase mask ¢ is equivalent to shifting its
Fourier transform as illustrated in Fig. 1(b). Hence, by
adding a range of tilt directions in front of the SLM (Fig. 1(c))
we expand the angular range at which we can display
content.

Since the angular range of the wavefront is related to the
slopes of the phase mask and not to their absolute phase
values, our choice in Eq. (11) to parameterize the phase
mask by their slopes simplifies analysis.

4 ANALYZING PIECEWISE-LINEAR PHASES

We analyze the range of producible holograms using piece-
wise linear phase modulations and characterize what we
trade for étendue expansion. Specifically, we introduce be-
low two strategies for the design of the fixed phase mask
¢m and the SLM content ¢.. For a target étendue expansion
factor gg X gg, the strategy in Sec. 4.1 comes at the price of a
factor g2 reduction in contrast; and the strategy in Sec. 4.2.2
comes the price of a factor g% reduction in resolution.
Both strategies are outperformed by a direct optimization
of Eq. (9), but their analysis will allow us to understand the
trade-offs of étendue expansion.

As part of our study, we also ask what phase masks can
support the display of better holograms. The construction
in Sec. 4.1 leads to highly varying, pseudo random phase
masks ¢,,, and explains why such phase masks result



in severe loss of contrast. In many applications, trading
étendue for spatial resolution may be more desired than
trading étendue for contrast. With the resolution trade-off in
mind, the analysis in Secs. 4.2 and 4.3 reveals other types of
phase mask designs that can lead to higher quality results
compared to random masks, including those that are easy
to implement in hardware, such as a lenslet array with
properly chosen pitch and focal length.

Our analysis also reveals that the 2D image quality
metric of Eq. (9) may not be the right way to evaluate
étendue-expanded holograms and we advocate metrics that
take into account 3D content.

4.1

We start by considering a simple strategy for setting the
phase mask ¢. in an étendue-expanded display. This strat-
egy produces any target I with a wide range {2y (the ex-
tended angular range) and high resolution Ay (the idealized
angular resolution, without low-pass filtering); since such
targets have (geN)? degrees of freedom, we show that
they can be produced with N2 SLM pixels at the price of
contrast reduction by a factor of g%. This will also allow us to
understand the problems of fully random phase masks.

The proposed strategy relies on a simple observation: a
linear phase ramp in the SLM plane leads to a shift of its
Fourier transform. Since we wish to generate our image as
the Fourier transform of the SLM, such phase ramps allow
us to display content at different parts of the target. Hence,
we can design content for different sub-parts of the target
image separately and then spatially interleave them on the
SLM to form a complete image.

Specifically, we divide the target image I into K = g2
equal-sized sub-images I", 1 ... I¥ centered at a 2D grid of
points of the form 0’C (k‘l, kg)Qg for integer (k1, ko) values
in the range |k1| < 1qg, |k2| < 3qe. Each sub-image has an
area (g X 2y (the angular range of a basic piecewise constant
display) and resolution Ag. As the number of degrees of
freedom in I* is A2, which is also the number of degrees of
freedom in the piecewise constant phase ¢., we can solve a
standard phase retrieval problem to find a phase mask ¢”
producing I* in the central square of the range, as illustrated
in the top row of Fig. 2. By adding on the entire SLM a linear
phase ramp with a fixed slope §* = = 6%, we can shift the
position of I k anywhere in the extended range Qg X Qg, as
illustrated in the 2nd row of Fig. 2. With this construction
we achieve a complex field

uF = F (ei(¢’;(£)+§kvfz)) ’

Analyzing contrast-étendue tradeoff

(12)

such that for angles 6 in the sub-range of I*, satisfying |6 —
0| < %Qg, we get:

[u* () ~ 1*(6).

To produce the full image I we randomly allocate each
SLM pixel to one of the basis slopes 51,...8%, and denote
by m* the mask of pixels with slope 8. m* are binary
and for each pixel &, >, m*(&) = 1. We combine the
independent solutions ¢* into a single one using

Zm

(13)

(&) + 5% - @), (14)
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Fig. 2: Forming wide-étendue holograms from small ones. Top
row: we solve the phase retrieval problem to find a piecewise

constant phase mask generating a desired pattern of support
Qg x Qg, at the center of the target Qg X Qg area. Second row:
By augmenting the piecewise constant mask with a linear ramp
(visualized as a sinusoid) we can shift the content anywhere
inside the wide Qg x target area. Third row: we use a random
mask and its complementary to merge the two holograms in the
second row so that we now jointly display content at two sub-

regions.

Fig. 3: The effect of bin size in the slope mask. The top row
demonstrates 4 masks m" (indicating the SLM pixels displaying
a particular slope si) with different bin sizes, and the lower row
the magnitude of their Fourier transforms M*. With narrow
bins the spectrum is a narrow impulse with a wide tail of lower
power. As we increase bin size the tail support shrinks and
eventually the spectrum becomes a low-pass filter. Note that all
columns use the same resolution and range, and the zooming
effect is solely due to the different patch size.

iR fs:

as illustrated in the last row of Fig. 2.

To quantify how well the Fourier transform of this mask
explains the target image we find the scale o of the target
image best explaining the hologram

2 2
’ ;(eiwc(f)))‘ _aI’ : (15)

« = argmin
which can be computed in closed-form by projecting

’]-" (el(‘z’c( ))) ‘ onto I. We measure the signal to noise ratio

) for?
|17 (et 0JH2

(16)

Below we also refer to the I'(¢) metric as contrast because

as we blur the hologram the noise appears as a global haze.

Claim 1. The combined phase mask ¢(Z) of Eq. (14) pro-
duces I at the price of a factor g% contrast reduction.

A formal proof of this claim is provided in App. A.1. For

the proof we characterize the randomness of the masks m*,
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(a) Target

(b) Indp. sub-squares

(c) Piecewise constant opt.
s.t. piecewise linear phase
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(d) Piecewise constant opt.
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Fig. 4: Wide-étendue content creation: We simulate étendue-expansion at factor 4 x 4, and compare strategies for content creation
at the native pitch of the original display, Ag (without any low pass filtering). As the number of degrees of freedom N 2 is smaller
than the number of entries in the target (ge\')?, all solutions involve some artifacts. (a) Target. (b) Naive content creation where
we solve ge x q¢ independent phase retrieval problems and merge them using random masks as in Eq. (14). (c) Optimizing the
piecewise constant part of Eq. (9) subject to the same fixed piecewise linear phase used in (b), improving contrast. (d) Optimizing
the piecewise constant content subject to a random phase mask as in [7], with results similar to our random piecewise linear
phase mask in (c). Colored squares above each result visualize the s., s, slopes of the phase defined in Eq. (11). Numerical SNR
contrast values using the I metric of Eq. (16) are reported under each image.

by assuming they are constant over bins of b pixels, where
in a fully random mask b = 1; and bigger b values express
mask areas with similar phases. Fig. 3 visualizes random
masks my, with different bin sizes and the absolute value
of their Fourier transforms M* = F(m*). Multiplying the
phase ¢F of the individual sub-squares in Eq. (14) with m*
is equivalent to convolving the targets u* with their Fourier
transform M¥. To achieve the desired target I*, ideally M*
should be an impulse. In Fig. 3 the spectra includes a narrow
impulse, but also content around it. Below we refer to any
content in M}, around the central impulse as “noise tail”.
The width of this noise tail is governed by the bin size b. As
part of the proof of Claim 1 we show that for an étendue-
expansion factor K = g% the impulse contains only 1/K of
the energy of M* while the rest of the energy is wasted on
the noise tail. Hence M* x u* produces I* plus a big noise
term which is K times higher than the original signal.

Fig. 4(b) illustrates an image generated by this scheme,
targeting an étendue expansion factor g¢ = 4 in each
axis. We can achieve the original angular resolution Ay
without any low-passing. Yet, a significant amount of noise
is being added to the desired signal, reducing contrast. In
the caption we quantify the contrast reduction using the
metric of Eq. (16).

So far we considered optimizing each sub-image inde-
pendently, In Fig. 4(c) we demonstrate that one can largely
improve over the naive combination of independent so-
lutions by directly optimizing for the piecewise constant
part ¢. in Eq. (9), subject to the random slope masks
() = 3, mF (&) - (8% - &). Still, the contrast of the
resulting image is reduced and speckle noise is present. In
Fig. 4(d) we follow [7] and optimize the piecewise constant
mask ¢. subject to a fully random phase mask of pitch
AT = A,/qe defined in Eq. (6) with similar results. We

have verified our results against an online implementation'.
While these random phase masks are not piecewise linear,
we empirically observe that their performance is similar
to that of piecewise-linear phase masks where every pixel
takes an independent slope.

4.2 Analyzing resolution-étendue tradeoff

In the previous section we have shown that despite the
fact that the number of pixels in the SLM is smaller than
the number of degrees of freedom in the target étendue-
expanded image, one can generate the target at the original
angular resolution Ay, at the price of severe noise. However,
the visual quality of this approach, as demonstrated in Fig. 4
is far from being compelling. Thus, we seek a different
tradeoff. In this section we study the trading of étendue
with resolution.

As analyzed above, if we increase the range of the target
to Qp = qegllp and keep the native angular resolution Ay,
we end up with (geMN)? entries in the target but only
N? freedom degrees in the SLM. To match the degrees of
freedom we can reduce the target resolution, or equivalently
increase the pitch to

Ay = gelg. (17)

Thus, we select the width of the low-pass filter in the
hologram generation cost of Eq. (9) as Ag, and use the
notation gz = to denote a low pass kernel with that width.

4.2.1 The effect of different slope masks.

In Fig. 5 we used gradient based optimization to minimize
the basic 2D hologram score of Eq. (9) subject to a low-pass
filter IR, We simulate 2 x 2 and 4 x 4 étendue expansions,

targeting pitches Ag = 2/Ay or 39 = 4/Ay, so that the

1. https:/ / github.com/dongheon-yoo/Holographic-Display-
etendue-Expansion
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Fig. 5: Optlmlzmg w1de étendue content: We simulate étendue-expansion at 2 x 2 and 4 x 4 factors, correspondingly targeting
pitches Ag 2Ap and Ag 4Ay. These larger pitches allow us to match the number of target entrees with the number of degrees
of freedom, leading to higher quality results compared to Fig. 4. We compare piecewise linear slope masks with different bin sizes,
where the largest bin size we can use is approximated by a continuously varying slope in the last column. The original range of
the display without the piecewise linear phase mask is marked on the target using a red frame. Colored squares above each result
visualize the s., s, slopes of the piecewise linear phase as defined in Eq. (11). For the 2 x 2 expansion we used smaller slopes (see
lower color range in the s, s, images) and hence could generate content only at the central sub-frames. For the 4 x 4 expansion,
slope masks involving big patches of constant slopes lead to better contrast. For the smaller expansion factor contrast loss is less
of an issue, in agreement with Claim 1. Numerical contrast values using the I metric of Eq. (16) are reported under each image.

complexity of the target matches the number of freedom
degrees. As we use larger pitches for the higher expansion
factor, we effectively target a lower resolution.

We compare solutions that allocate patches of varying
sizes of constant slopes. We start with fully random patches
where each pixel has an independent slope, we increase to
piecewise linear allocations with medium patch sizes, and
finally monotonically varying slopes, which correspond to
the largest patches one can use, as discussed in Sec. 4.2.2
below.

For 2 x 2 expansion, all masks achieve good contrast.
However, in the 4 x 4 expansion, random masks with very
small bins result in very low contrast. The global haze added
to the images results from blurring the noise in the higher
resolution holograms of Fig. 4. In agreement with Claim 1,
the contrast reduction scales with the étendue-expansion
factor, and in the 4 x 4 example it is more severe than in
the 2 x 2 example. Higher expansion factors would involve
an even lower contrast, and App. Fig. 13 demonstrates this
using an 8 X 8 expansion example.

While by minimizing Eq. (9) we jointly optimize the
content of the entire FoV rather than follow the simplified
independent construction of Claim 1, its intuition can still
help us understand the source of the contrast reduction.
For that we revisit Fig. 3 demonstrating masks m* with
increasing bin sizes and their Fourier transforms M*. For
narrow bins, M* is a narrow impulse plus a wide noise
tail over the entire spectrum. However, as we increase the
bin size, M* becomes narrower and approaches a low pass
filter. As a consequence, as wide bins result in less noise
over the spectrum, the holograms they produce in Fig. 5
also have better contrast.

Lens
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Fig. 6: Phase of lens and lens array. Top row: (a-b) The slope
assignment of Claim 2, each sub-square on the SLM area dis-
plays a different slope, hence it generates content at a different
sub-square out of the desired angular range. The integral of
these slopes leads to the phase surface in (c). (d-e) A continuous
approximation to the slopes of (a-b) with linearly varying
slopes, whose integral is a quadratic phase mask of the form
&(X) = af€|?, dlsplayed in (f). Lower row: lens-array, where
each lenslet unit is constructed as in the top row.
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Note that all examples in this paper are normalized to
have maximal intensity 1, for results with lower contrast
this usually reveals more background noise.

The random masks of [7] provide results similar to
what we get with our smallest bins. We use the online
implementation to show some results in App. Fig. 14. We
have selectively chosen test images with a high dynamic
range to better emphasize the problem. Contrast reduction
is less noticeable in images of modest dynamic range, as the
ones used in the original paper.



4.2.2 Optimality

We show that if one is interested in trading étendue for
resolution there is a simple strategy for the fixed phase mask
construction leading to near-optimal results.

Classically, spatial resolution in an imaging system is
determined by the size of the aperture used in the pupil
plane of the lens; the larger the pupil aperture, the higher
the resolution of the image. Thus we can select the Fourier
transform of the low-pass filter g in the hologram generation
cost of Eq. (9) as a window function setting to zero any
content on the SLM plane outside a square of width Q,/qe.
The smaller area on the SLM naturally leads to a reduction
in the resolution that is equal to the amount by which we
expand the étendue, matching the pitch of Eq. (17).

Using this basic principle, we can formulate an alternate
strategy for the design of the masks m” associated with
different linear tilts. We segment the SLM to K = g2 non-
overlapping sub-squares and assign each a different linear
tilt. Hence each sub-square of the SLM generates content
at a different sub-square of the Fourier transform, namely
in a different sub-square of the target image. This slope
assignment is visualized in the top row of Fig. 6(a-b), and
summarized in the Claim below.

Claim 2. Relying on the above suggested mask we construct
a minimizer for Eq. (9) with a resolution Ay = gegAy
and a contrast loss not worse than x2. The minimizer
uses a piecewise linear slope mask dividing the SLM area
into K = q% squares of size (2,/qe % Q,/qe each, and
assigning them 2D slopes out of the discrete set 5 =
(k1, k2)Qp, for integer ki, ko values, |k1| < gg/2,|ks| <
qe /2.

The above construction assumes we solve K different
optimization problems for each of the target sub-images I*.
This leads to a 2x contrast loss because replicas caused
by the piecewise constant phase modulation cause some
percentage of the hologram energy to spread outside the
target sub-square. In practice, by simultaneously optimizing
the SLM content in all sub-squares together to minimize
Eq. (9) we can largely improve on that. Replicas can be
further reduced by considering a continuous approximation
to the discrete slopes, and setting §(|Z]) = Lia% (Fig. 6(d-
e)). The integral of this slope assignment is a quadratic phase
mask, namely this strategy is equivalent to placing a field
lens on the SLM plane (Fig. 6(f)) or illuminating it with a
spherical wavefront [1].

Recently [8] have used a learning approach to seek a
phase mask that would allow the display of high qual-
ity holograms. For that, they optimized the shape of the
fixed phase mask to maximize the quality of the resulting
holograms, using a metric similar to Eq. (9). The authors
analyze the properties of the resulting mask showing that
it meets the spectrum of natural images. However, the
learning approach is subject to local minima and the result is
not fully understood. In contrast, Claim 2 provides a simple
analytic answer to the same question.

The need for 3D scores. As mentioned, the use of low
resolution SLM tiling, or equivalently a lens realizing a

quadratic phase mask (top row of Fig. 6) provides a near-
optimal solution to the cost in Eq. (9). However, it is well
known that adding a lens to an optical system does not
change its étendue. To see the problem, consider Fig. 1(d)
which illustrates a x2 étendue expansion in flatland. As
derived in Claim 2, it splits the SLM region into two equal-
sized areas each displaying a fixed tilt. Effectively, content
on the right side of the target image is only produced by
the left part of the SLM where the corresponding slope is
present. This means that the cone of light emerging from
each part of the target image was reduced, or effectively,
each part of the image is only viewed from half of the eye-
box.

We note that covering all positions on the eye-box is less
of an issue with a random phase mask [7] which anyway
scatters light in all directions. Yet, even in this case, to
achieve actual holographic properties such as focus and de-
focus cues, [7] explicitly optimize the 3D content produced
by their hologram rather than 2D scores as in Eq. (9). The
need for pupil-aware scores was recently also raised by [32].

As illustrated in the 6th column of Fig. 5, random slope
patches of intermediate size allow for reasonable contrast
and can serve as a way to balance contrast and eye-box
coverage. However, below we derive an even better mask
that explicitly accounts for eye-box coverage.

4.3 Scoring 3D content

Previous work on étendue-expansion has optimized the
quality of 2D images as in Eq. (9). However, the above
discussion suggests that the 2D score does not capture all
the desired aspects of a wide-étendue display, in particular
the fact that we want a wide coverage of the eye-box and not
just a wide FoV. To this end, we consider below two popular
optimization costs based on light fields and focal stacks. We
show that these costs better score the holographic content,
and in particular, they rule out the quadratic phase mask
solution.

4.3.1 Light-field targets

We want to optimize the phase of the holographic display
such that it generates a target light field rather than a 2D
image. While classical hogel-based approaches [16], [17],
[18], [19], [20], [21] to light field displays attempt to display
the light field at the SLM plane, we aim to generate the
light field as the Fourier transform of our phase mask. We
parameterize the target light field as L(6, %) where 6 is a
viewing angle and ¥ is a position on the eye-box. As 0
corresponds to the 2D dimension of the image we display
to the viewer, we usually want to sample it with a much
higher resolution than the one we use for 4. When defining
the target light field we again want to address the fact
that we have a fixed number of freedom degrees in our
SLM. Thus, if we aim to see N, X N, different eye-box
bins (corresponding to different view points), we reduce the
resolution in the FoV dimension, and target a wider pitch
A = NyAg (see Eq. (17)).

To express the relationship between the SLM phase ¢(&)
and the light-field, let us define by wg (%) a box window of
width lef = O, /Nep centered around g, where 3 denotes a
position on the SLM plane, or equivalently a position on the
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Fig. 7: Light field optimization: We simulate and demonstrate 4 view positions out of a 4 x 4 light-field, the presented view
points (eye-box positions) correspond to the color frames marked on the mask planes at the top. Light field optimization targets
image resolution Alf = 47y = 16Ay. (a) Target. (b-f) Piecewise constant SLM content is optimized subject to a fixed phase
mask of a smaller p1tch The s, s, phase mask slopes are visualized in color above the images. Numerical contrast evaluation
(averaged over all viewpoints) is reported under each image. (b) Random phase mask by [7]. (c-d) Random piecewise linear slope
assignment with different bin size. Wider bins achieve better contrast. (e) Optimal slope assignment equivalent to a lenslet array.
(f) The optimal slope for 2D targets derived in Claim 2, here regions of consistent slope are too wide hence in each light-field view
the SLM sends light only to a sub-region out of the target range.

eye-box plane as the eye-box is an image of the SLM plane,
see Fig. 8. Thus, position ¥ of the light-field is expressed via
F(wg (%) - exp(ip(x)), that is, by setting the SLM content to
zero anywhere outside the box wyg and computing a Fourier
transform.

With this goal in mind, we optimize for a phase mask
minimizing

mlHZHgALf*

;i') 1(¢c(m)+¢m m)))‘ 7gAlf *L(0 y)

(18)

We over-sample 2Ny % 2N positions of the central ¥

viewpoint so that the windows wg overlap. To allow for
variation in the viewer’s pupil diameter we can also sum
in the cost window functions wg of multiple supports, as
in [32].

In Fig. 7 we expand étendue by a factor g¢ = 4 in both
axes and target N, = 4 viewpoints (eye-box bins). We show
2x2 out of 4 X 4 eye-box position views in a light-field with
pitch A = 47 = 16A. Using very small patches or the
fully random phase mask of [7], we generate the desired
light-field at a lower contrast. Bigger patches achieve much
higher contrast.

In Fig. 7(f) we demonstrate the weakness of the seem-
ingly optimal solution of Claim 2, corresponding to one big
lens spanning slopes linearly over the SLM area. This mask
can generate only a small region out of the desired target,
because each eye-box window wg contains a very limited
range of slopes, and these slopes map all SLM content
into one sub-square of the desired range, as illustrated in
Fig. 1(d).

Optimal slope mask for light-field display. Beyond random
slopes, given a target resolution for our light-field we can
derive an optimal setting for a slope pattern. For that, we
divide the SLM area into N, x N, squares of size QLf x QL
each, where vaf = Q. /Ny is the full SLM width divided
by the number of eye-box bins. A viewer moving along the
eye-box can see squares of this size, so we need to ensure

2

Fourier

SLM plane,

f1 f2

Fig. 8: Light-field viewing: If the eye pupil is smaller than the
supported eye-box, the pupil moving across the eye-box filters
a subset of the SLM area. The figure uses two different colors
to demonstrate two such eye-box positions. To support the full
field of view, each sub-square on the SLM should include all tilt
directions.

that each such square contains all slopes so it can send light
to the extended Qg X Q@ FoV range, but we will use the
biggest slope patches we can within each QL x QLf block.
That is, we subdivide each square into g¢ X gg sub-squares
and assign to each of them a different slope, as illustrated in
Figs. 6 and 8.

Integrating this slope assignment is approximately a
quadratic phase function in each block, see Fig. 6(f). Thus,
this solution can be realized by attaching to the SLM a
lenslet array, where each lenslet unit covers a square of size
QY x QY. Unlike classical light-field displays, here we use
the SLM to generate the Fourier transform of the light-field
and not the light-field directly. Thus the number of lenslet
units we need is much lower, as it is defined by the desired
number of eye-box bins N, X Mgy, rather than by the number
of pixels in the image we attempt to display. In Fig. 7(e) we
compare the holograms produced by a lenslet array to other
phase masks, demonstrating the higher quality light fields
it can produce.

It should be emphasized that this solution is optimal
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Fig. 9: Focal stack optimization: We simulate a target scene which contains objects at two different planes and we demonstrate
two images as will be viewed by an observer focusing his eye at these two planes. We consider three phase masks, a random slope
assignment, a lenslet array, and a single quadratic lens. The lenslets lead to higher contrast and best results, as also indicated by
the numerical contrast metric I' under each image. A lens mask cannot generate a sharp image at one focal setting and a defocus
one at another focal setting, as in each spatial position only a narrower subset of the angular cone is available.

only for a given light-field resolution Alef , since partitioning
the SLM area into small periodic blocks does not allow for
the viewing of the display at higher resolutions.

4.3.2 Focal stack target

As light fields are inherently coupled with angular and
spatial resolution trade-offs, previous work [13], [14], [15]
also optimized the SLM content to generate a focal stack.
That is, the wavefront displayed by the SLM should display
2D images to a viewer’s eye at a known position, but
should allow the viewer to see realistic defocus blur as he
focuses his eye at different depths. Focal stacks pose fewer
constraints on the SLM phase compared to light-fields, and
in principle, should support targets at a higher resolution.
However, focal stacks are only optimized to display focal
cues to a given pupil position, and may be sensitive to small
pose variation of the pupil inside the eye-box. Despite this,
focal stacks capture some of the 3D cues of the scene and
we show below that as such, they already require not trivial
DOE phase masks, and cannot be well displayed by the
naive quadratic lens phase mask derived in Claim 2.

In App. A2 we detail the content matching cost we
use, which follows classical Frensel propagation principles
exploited in previous work.

Fig. 9 visualizes results for two scenes. In this demonstra-
tion we target a resolution Ay = 4Ay, in a 4 x 4 étendue-
extended display. Since we have constraints at multiple
depth planes, in this particular example the number of
constraints is larger than the number of freedom degrees
and the result is not speckle free.

We compare three slope assignments, random slopes
with small independent bins, the lenslet array solution
mentioned above, and the naive single-lens solution. The
lenslet array achieves better contrast and fewer speckle ar-
tifacts compared to random masks. We note that the lenslet
array mask used in this simulation is designed for a lower
resolution pitch Aéf which is x4 wider than the Ay pitch
we use here. Still, it leads to visually plausible results.

The single lens solution leads to poor results. As dis-
cussed above, when considering the entire FoV this phase
mask spreads light over a wide angular cone, and gets light
to the entire eye-box. However, in each spatial position of
the image only a narrow sub-cone is available. As a result,
effectively the depth of field is larger than intended and we
couldn’t generate an image which is sharp at one focal plane
and blurred as the viewer focuses at a slightly different
depth. In Fig. 9(d) the image is almost equally sharp at both
depth planes. For an additional example and explanation on
the effects of narrow sub-cones see App. A.2.

5 DISCUSSION

In this work, we have considered extending the étendue of
an SLM by attaching to it a DOE phase mask of a higher
resolution. We attempt to understand what trade-offs are
involved with this expansion and how to design the shape
of the DOE to support higher quality holograms.

As the number of degrees of freedom in the display
does not increase by the addition of a static DOE, étendue
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Fig. 10: Comparison of contrast vs reduction in resolution. (a)
For the light field target of Fig. 7. (b) For focal stack target of
Fig. 9. We used a low-pass filter g of width ¢ x ¢ with different
g values, and plot contrast as a function of the resolution
reduction factor g. Proposed lenslet outperforms random mask
for all target resolutions, but the contrast gain increases as
resolution reduces.

expansion must come with the loss of some image qual-
ity. We have explored two strategies for the design of a
DOE and the SLM content and show they result in a loss
of contrast or resolution which scales precisely with the
étendue expansion factor. We explain that random masks
can increase étendue, at the cost of contrast reduction. On
the other hand, if one wishes to trade étendue for resolution,
a simple quadratic phase mask corresponding to a field lens
produces near-optimal results.

The optimality of a lens mask stands in contrast to the
actual goal of a wide étendue hologram, and we conclude
that previous metrics attempting to optimize the quality of
the 2D images produced by the display are inadequate in
capturing the full wealth of the holographic information.
Thus, we suggest optimizing costs explicitly encoding 3D
information such as the light field or focal stacks produced
by the hologram. We show that, perhaps surprisingly, under
these metrics commonly available phase masks such as
lenslet arrays can support high quality étendue expansion,
outperforming random phase masks.

As another way to evaluate the trade-offs between con-
trast and resolution, we plot in Fig. 10 the contrast metric
I of Eq. (16) for the different masks analyzed in this paper,
while varying the width of the low pass filter g. In agree-
ment with the analysis, for both focal-stack and light field
targets the best results are obtained by our proposed lenslet.
The contrast gain increases as resolution reduces.

We hope this analysis will guide the design of future
étendue-expansion systems, and in [29] we take a first
step demonstrating some of these principles in a physical

prototype.
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